Discrete time quantum walks (DTQWs) are nontrivial generalizations of random walks with a broad scope of applications. In particular, they can be used as computational primitives, and they are suitable tools for simulating other quantum systems. DTQWs usually spread ballistically due to their quantumness. In some cases, however, they can remain localized at their initial state (trapping). The trapping and other fundamental properties of DTQWs are determined by the choice of the coin operator. We introduce and analyze an up to now uncharted type of walks driven by a coin class leading to strong trapping, complementing the known list of walks. This class of walks exhibit a number of exciting properties with the possible applications ranging from light pulse trapping in a medium to topological effects and quantum search.
Discrete time quantum walks (DTQWs) are nontrivial generalizations of random walks with a broad scope of applications. In particular, they can be used as computational primitives, and they are suitable tools for simulating other quantum systems. DTQWs usually spread ballistically due to their quantumness. In some cases, however, they can remain localized at their initial state (trapping). The trapping and other fundamental properties of DTQWs are determined by the choice of the coin operator. We introduce and analyze an up to now uncharted type of walks driven by a coin class leading to strong trapping, complementing the known list of walks. This class of walks exhibit a number of exciting properties with the possible applications ranging from light pulse trapping in a medium to topological effects and quantum search. Quantum walks are analogs of classical random walks, gaining considerable attention since their introduction in the nineties [1, 2] . They did prove themselves as interesting constructs which find their applications gradually [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] (for review see [14] ). Recent experiments demonstrated their basic properties [15] , and stimulated further theoretical studies. While the early experiments have been limited to DTQWs on a line, recently, twodimensional quantum walks have been successfully realized [16] . Although a two-dimensional lattice is still considered simple in physics, two-dimensional DTQWs [17] display a rich variety of interesting effects. In particular, they exhibit a partial quantum speedup in search [3] .
The fundamental behavior of DTQWs is governed by the choice of the unitary operator acting on the internal structure of the particle -the so-called coin operator. Similarly to random walks, DTQWs can be classified based on their spreading properties. One of the classifications is based on the definition of the Pólya number [18] , dividing walks into recurrent and transient walks. Classically, this property depends only on the dimension of the underlying lattice. However, the quantum extensions of the Pólya number [19] [20] [21] exhibit significant differences. Apart from the dimension of the underlying lattice, the classification also depends on the choice of the coin operator and the internal state of an initially localized walker. In the family of two-dimensional recurrent quantum walks a rather interesting class can be found, namely that exhibiting the effect of trapping (localization) [17] . In this class the probability of finding the particle at its initial location throughout the whole evolution is non-vanishing. For leaving walks, i.e. when the walker is forced to leave its actual position during a single step, this effect does not have a natural classical counterpart, thus, it is a purely quantum interference phenomenon. One can post the natural question: Which coins exhibit trapping? First examples of such a coin were found in [22, 23] .
In this paper we construct a large class of trapping coins, and point out important physical consequences for the corresponding DTQWs. In particular, we report the new effect of "strong trapping". In addition to contributing to the understanding and classification of quantum walks, we comment on the implications -possible application for the trapping of light, its relation to spatial quantum search algorithms, appearance of topological phases, and its spectral similarity to the so-called split step QWs. Let us begin with the formal definition of twodimensional DTQWs, briefly. The composite Hilbert space of a DTQW is given as: H = H P ⊗ H C . In the present paper the position space H P corresponds to a two-dimensional Cartesian lattice. We denote position Hilbert vectors with |x P , where x = (x, y) represents the position on the lattice. The coin space H C is spanned by vectors corresponding to the directions: |L , |D , |U , |R . Throughout the present paper we expand operators on the coin space using this basis. We note that this coin Hilbert space can be viewed as a two-qubit Hilbert space with |L = |00 , |D = |01 , |U = |10 , |R = |11 . The time evolution is unitary: U = S · (I P ⊗ C). Here, S is the step operator responsible for the conditional displacement: S|x P ⊗|c = |x⊕c P ⊗|c , where c ∈ {L, D, U, R} corresponds to the directions and x ⊕ c denotes the nearest neighbor of position x in the direction c. By C ∈ U (4) we denote the coin operator acting on the internal coin degree of freedom. Due to the translational invariance of the DTQWs we study, the global phase of the U (4) coins is ignored. The time evolution in the quasi-momentum picture is given byŨ
whereD is the Fourier-transformed step operator S, i.e. D = Diag(e −ik , e −il , e il , e ik ). By k, l we denote the quasimomenta of the walk. The phase ω of a given λ = e iω eigenvalue ofŨ is frequently termed as quasi-energy.
Undoubtedly, the most notorious two-dimensional DTQW is the one driven by the Grover diffusion opera- and |ψ (2) in (out) is spanned by basis vectors {|00 , |01 , |10 , |11 } correspond to the four dimensional coin space of the twodimensional quantum walk with |L = |00 , |D = |01 , |U = |10 , |R = |11 .
tor:
where δ i,j is Kronecker's delta symbol. Apart from its use in quantum walk based search algorithms [3] , the Grover walk is well-known for its trapping (localization) property [17, 22] : The probability of finding the walker at its initial position at any time is non-vanishing for almost all walkers started at the origin. For the well chosen localized initial state
the trapping is avoided and the walker escapes. A oneparameter generalization of the Grover walk exists [23] , sharing the above listed traits: state-dependent trapping and a single localized escaping-state. The extensive research dedicated to the Grover trapping also led to other interesting effects, namely dynamics exhibiting full revivals [24] , a way to design recurrent quantum walks in arbitrary dimensions [19] , and trapping in walks on percolation graphs [25] . In general, the trapping in DTQWs is caused by the presence of flat bands in the quasi-energy spectrum of the walk [22] , which naturally depends on the choice of the coin operator. It was shown that the spectra of all trapping two-dimensional DTQWs contain at least two such flat bands with a π difference between their quasienergies [24] . Finding trapping coins involves solving Eq. (1) for a pair of constant eigenvalues. However, it turns out that the direct solution in the complete U (4) space is very demanding both numerically and analytically.
Let us present a broad class of trapping coin operators using a constructive approach. To begin, we define two arbitrary SU (2) operators U 1 and U 2 , thus, det(U 1(2) ) = 1. It is straightforward to see that the products U 1 U 2 and U 2 U 1 share the same pair of eigenvalues (they are unitary equivalent), and since det(U 1 U 2 ) = det(U 2 U 1 ) = 1 these eigenvalues are complex conjugate pairs. Consequently, the following operator
always has a constant eigenvalue µ = 1 with the multiplicity of two. We apply a unitary transformation keeping the constant eigenvalues:
Here, W is the unitary SWAP gate on a two-qubit system (coin space): W ≡ |L L| + |D U | + |U D| + |R R| . Note that W = W −1 = W † , and we also inserted the identity I = W W into Eq. (5). Performing the SWAP operation on the first part of Eq. (5), and taking a square root results in U = (U 1 ⊗ U 2 )W . We substitute the arbitrary SU (2) operators
, where C k={1,2} ∈ SU (2), to arrive at the formula:
which is a time evolution operation of a two-dimensional DTQW [cf. Eq. (1)]. By its construction, U has at least two constant eigenvalues ±1. These eigenvalues appear as flat bands at ω = 0, π quasi-energies in the spectrum. Thus, we constructed a trapping walk with the new coin class:
One can observe that any operation commuting withD and W can generalize the coin C without losing its trapping property (constant eigenvalues -flat bands). Since C 1 ⊗ C 2 cover all local single-qubit rotations, a nonseparable operation is desirable to avoid redundancy. We found that the most suitable operation is the controlled phase gate: P (ϕ) = Diag(1, 1, 1, e iϕ ). Thus, the general form of the trapping coin class (C-class) is
which contains 7 real parameters (+1 for the global phase). This coin class can be realized as the two-qubit quantum circuit illustrated in Fig. 1 . We note that the Cclass contains the Grover coin [cf. Eq. (2)] and its known one-parameter generalization [23] as special cases. Let us show some basic properties of the C-class. We define the elements of C k={1,2} ∈ SU (2):
One can see that the time evolution operatorŨ of Eq.
(1) using the C-class has two constant eigenvalues: 1 and −1. Solving the eigenvector problem, an inverse Fouriertransform reveals the stationary eigenstates correspond-ing to the eigenvalues λ = ±1:
An equally weighted superposition of two such eigenstates living on the same lattice sites
{|ψ(x, y) λ=+1 ± |ψ(x, y) λ=−1 } gives full reviving states. These states generalize the results of [24] for the C-class.
An initial state having a nonzero overlap with any of the eigenstates in Eq. (10) is trapped. We found that for most of the coins in the C-class, all initially localized states are trapped. We term this novel phenomena as "strong trapping". However, when the the coin parameters satisfy cos 2δ 1 = cos 2δ 2 ,
similarly to the Grover walk, a single initially localized state will lead to escape. For δ 2 = δ 1 + k · π , k ∈ N + , this state has the form:
We note that the strong trapping effect can be avoided by starting the walk from an initially non-localized state. We studied the strength of the trapping effect numerically and illustrated it on Fig. 2 . The C-class coins would make good candidates to trap and manipulate wave packets -light pulses in the photonic implementation of experiments. The expected behavior of DTQW dynamics driven by a general coin is the propagation of the wavefunction over the lattice. However, changing the coin to a C-class coin can trap (stop) a part of the spreading wave. This trapped pulse is held in its place by the trapping coin, and can be released by changing back to the original non-trapping coin.
The symmetries of the quasi-energy spectra allow for non-trivial topological phases in quantum walks [26] [27] [28] [29] [30] [31] [32] . The controlled opening and closing of gaps in the quasienergy spectrum can be a signature of the presence of such topological phases. We found that the spectra of weakly localizing walks satisfying Eq. (11) are gapless, whereas in the case of strong trapping, gaps open around the flat bands at ω = 0, π quasi-energies. Thus, parameters δ 1 and δ 2 tune the continuity of the spectrum. To map possible topological phases, we numerically searched this parameter space. We found that DTQWs with two (8)] driven quantum walk. The probabilities are determined by numerically searching the initial states yielding the minimum probability. The coin is investigated in the δ1, δ2 parameter space with α1 = α2 = β1 = β2 = π 2 and ϕ = π. The red lines correspond to the condition of Eq. (11) where strong trapping disappears. On these lines the minimum probability is naturally zero due to the appearance of the escaping state of Eq. (12) . However, where strong trapping is present, the minimum probability is larger than zero.
contacted bulk regions using certain pairs of coins lead to the appearance of edge states. The found edge states are non-degenerate, can propagate only in one direction determined by the layout of the two bulk regions, and are also topologically protected from the decoherence caused by stationary (spatial) noise. The obtained topological map for the C-class and a spectrum exhibiting edge states are shown in Fig. 3 . We note that up to our knowledge this is the first case when topological effects are reported in simple two-dimensional DTQWs using a single coin.
It is interesting to note that the C-class walks can be linked with the so-called split-step walks. The concept of split-step (alternate step) two-dimensional quantum walks open a way to simulate some DTQWs using only a two-dimensional coin space [33] . The time evolution of such walks is given as
where C k={1,2} ∈ SU (2). S (S ↔ ) displaces the particle on a two-dimensional lattice down/up (left/right) with respect to its actual coin (qubit) state. This construction implies that the particle cannot step backwards: Splitstep walks live on the directed square lattice. Consequently, such walks can maintain their ballistic spreading better under noisy conditions [34] . The split-step QW also exhibits topological effects [27, [30] [31] [32] . Let us rewrite the time evolution (13) of the splitstep walk in the Fourier-picture, while relabeling the momenta. This results the following time evolution operator:Ũ (8)]. The light brown and white areas correspond to different topological phases, i.e. in the boundary between two topologically different bulk regions we found a topologically protected edge state. The thick lines represent the gap closing condition (11) , which is also the condition describing the disappearance of strong trapping. We used the definitions (8) and (9) with parameter values α1 = α2 = β1 = β2 = π 2
and ϕ = π, invoking a real valued subclass of C, which contains the Grover coin for δ1 = δ2 = (marked by the black dot). The quasienergy ω spectrum as the function of momentum k on the right plot corresponds to the two-dimensional QW on a torus using two parallel bulk regions with δ1 = Note that the relabeling of the momenta has the walker step in the diagonal and anti-diagonal directions on the lattice. An investigation of the spectrum of this model reveals a surprising fact: It is perfectly identical to the non flat band spectrum of the regular two-dimensional DTQW governed by the C-class (8) with ϕ = 0.
This result unveils a correspondence between the two models, which helps us to draw consequences on the expected behavior. For example, the group velocities of the propagating peaks [35] and weak-limit distributions [23, 36] should be similar. Moreover, the analytical tools proposed for the split-step models might be employed for C-class based walks. The spectral correspondence also strengthens our observations on the topological effects.
Finally, let us briefly comment on the applicability of the new class of coins for the quantum search. Twodimensional DTQWs are suitable for searching marked elements on a M × M torus [3] . By design they allow for finding a single marked vertex in O( √ N log N ) steps, with M 2 = N . The walk performing the search is a regular two-dimensional DTQW on the torus employing a transformed 4×4 Grover coin C (G) (σ x ⊗ σ x ). In fact, this transformed coin is also in the C-class with parameters
At the marked vertex -which the algorithm is designed to find -the coin is changed to −σ x ⊗ σ x . The initial state of the system is an equal superposition of all states in the natural basis, which is evolved for ≈ √ 2N steps. Following, a position measurement yields the marked ver- tex with probability O(1/ log N ). To realize a practically useful probability in order of O(1), the algorithm should be repeated for O( √ log N ) times and through amplitude amplification [37] the O(1) probability is achieved. In summary, the total runtime is O(
This algorithm is designed to perform searches on M × M tori, and on a general L × M torus it turns out to be suboptimal. However, employing the C-class coins one can possibly optimize the algorithm for general tori. Our preliminary numerical studies show that for non-square tori a proper C-class coin outperforms the original transformed Grover coin. See Fig. 4 . for details.
Finding coins from the U (4) group for two-dimensional DTQWs that fulfill a specific goal is definitely a hard task. In this paper, we presented a coin class which exhibits a trapping feature similar to the Grover coin. The proposed many parameter, analytically given class is a considerable step towards classification of coins available on regular lattices. DTQWs driven by the new coin exhibit a novel phenomenon which we term as "strong trapping", allowing for the trapping of all localized initial states. Generalizations to higher dimensional lattices are also possible allowing for constructing strongly trapping walks. The closed form of the coin matrix allows for further theoretical studies. We also demonstrated the topological properties of the class, revealing non-trivial topological phases, which were previously unobserved for simple single-coin two-dimensional DTQWs. The proposed system has a spectral connection with two-dimensional split-step quantum walks, giving a bridge between the two models. We have revealed that the quantum walk based search algorithm on a non-square torus benefits from the proposed coin, possibly allowing for optimization.
The proposed coin class is potentially very useful. These coins are promising choices for two-dimensional experiments [16] , as all of the necessary elements are currently available. Such experiments will allow to study
